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Abstract—This paper evaluates the concerns relating to the
forecasted higher penetration of renewable energy within
the power grid as it pertains to frequency variations. This
is addressed by implementing fast-acting energy storage
systems (FESS) at an ideal location within the system. The
location is determined through visualizing and analyzing
changes in frequency following an event. This study was
carried out using a 36 bus test system and illustrates the
center of inertia and frequency dynamics directly
following a disturbance.
Keywords— Dynamic visualization, frequency, COI, FESS,
flywheel technology.

I. NOMENCLATURE
COI – Center Of Inertia
FESS – Fast-acting Energy Storage Systems
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II. INTRODUCTION

n order for the power grid to function properly, the
frequency must be kept within an acceptable band of
its steady state frequency. This is achieved by
maintaining the balance between the load and generation in
the system. In cases with a larger load than generation results
in a drop in frequency and, conversely, a larger generation
than load results in an increased value of frequency. A main
concern in regard to frequency variations is the possibility of
under-frequency events as a result of increased penetration of
wind power in the system [1]. Under-frequency conditions are
undesirable as they can lead to improper operating conditions
for devices connected to the grid and load shedding. There are
controls and responses in place to prevent the frequency nadir,
or lowest frequency, from dipping too low after a disruption to
the frequency of the power system. The initial response is
dominated by the inertial response of online generators. At
this point, generators contribute stored kinetic energy to the
grid and reduce the initial rate of change of frequency until
slower governors are able to stabilize the frequency of the
system [2]. Within the first few seconds of the event, the
primary frequency response and governor controls take
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effect. The primary frequency response is dependent upon the
actions of the generators and the governor controls maintain
system frequency by increasing the power output of a
generator according to the droop characteristics once the dead
band is exceeded. Within tens of seconds of an event,
secondary frequency response occurs through automatic
generator controls. Tertiary frequency response is comprised
of the operator’s dispatch actions [1].
Due to increased concerns with the use of fossil fuels,
shifts are being made to a future more reliant upon renewable
energy. With increased penetration of renewable energy into
the grid, the frequency of the system may suffer greatly as
there is a relative reduction of inertia and the dynamic
performance of the system is affected. Conventional
generators have large amounts of inertia due to their physical
attributes whereas wind turbine generators contribute very
little inertia to the grid unless additional controls are enabled.
These controls function to emulate the performance of
conventional generators [2].
Fast-acting energy storage systems, such as flywheels,
provide a solution to improve the dynamic performance of the
system as they can inject energy into the grid at a faster rate
when demanded. This has proven to be beneficial in
stabilizing grid frequency and acts to support the power
system following an event [3]. When there is excess power
production relative to consumption, the difference can be
stored in devices such as flywheels [4].
For the power system to have improved dynamic
performance, the flywheels should be placed at proper
locations. The placement of these could be based on the
distribution of inertia within the system. By placing flywheels
at the ideal locations, energy can be injected to or absorbed
from the grid within a short period of time [5] and the
difference between the load and generation is reduced
considerably, thus the dynamic performance of the system is
improved.
This report observes the distribution of inertia in a 36 bus
test system by creating a visualization tool to identify key
points within the power system for the deployment of fast
acting energy storage devices for use in systems with

increased use of renewable energy based on the distribution of
inertia.

frequency of the center of inertia. The COI is located at the
bus at which the error is the minimum. The frequency of the
center of inertia is expressed in (8) where H is the inertia at
the ith bus and f is the frequency at the ith bus. This can be
calculated in (9) by determining the error value, considering f
is the frequency value at the kth bus at each time t.
i
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III. 36 BUS TEST SYSTEM
A. Simplified Mathematical Formulation
Three main assumptions were made to obtain the
mathematical model of the system:
• the angles of buses are very close to one another,
• the resistance is significantly less than the reactance of
each, and
• the voltage at each bus is equal to 1 p.u..
Equations (1) and (2), are expressed for when 𝜃i – 𝜃j ≈ 0.
Equations (1), (2), and (3) represent conclusions drawn from
these assumptions.
𝑠𝑖𝑛 𝜃! − 𝜃! ≃ 𝜃! − 𝜃!
𝑐𝑜𝑠 𝜃! − 𝜃! ≃ 1
𝑍 ≃ 𝑗𝑋

(1)
(2)
(3)
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C. System Description
The system considered is expressed in Fig. 1 and in
Fig. 2. Depicted in Fig. 1 is a diagram of the 36 Bus Test
System with a synchronous generator at each of the four
corners. Each intersection within the grid of the figure
represents a bus and each arrow represents a load in the
system.

In this technique, the real power flow is proportional only
to the difference in the angles of the buses between which the
real power flow (4). As the impedance is assumed to be
purely imaginary, the admittance matrix used in the power
flow becomes the susceptance matrix. The angles of the buses
can be calculated using Equation (5) where B is the
susceptance matrix.
𝑃!" ∝ 𝜃! − 𝜃!
𝜃 = 𝐵 !! 𝑃

(4)
(5)

Each generator is represented by a classical model as the
generators are assumed to have strong automatic voltage
regulators such that the internal voltages are always constant.
Therefore, the dynamics of the generator are only those related
to the swing equation as shown in Equation (6);
2𝐻𝜔 = 𝑃! − 𝑃! − 𝐷 𝜔 − 1

Fig. 1. 36 Bus Test System

(6)

where D is the damping coefficient, H is the inertia, P
represents the mechanical power input, and P represents the
electrical power output of generation. The dynamics of the
rotor angle of the generator are expressed using the differential
equation expressed in (7);
m

e

𝛿 = 𝜔! 𝜔 − 1

(7)

where 𝜔 is the synchronous speed.
s

B. Center of Inertia
The center of inertia of the grid will be at the bus at which
there is the smallest variance in frequency following an event.
The bus at which the COI is located is determined by
calculating the error between the bus frequency and the

Fig. 2. 36 Bus Test System, labelled using alphanumeric coordinates

At each of the four corners is a synchronous generator and
each bus is labeled using alphanumeric coordinates with

alphabetical coordinates along the y-axis and numeric
coordinates along the x-axis. The generators at Buses A1, A6,
and F1 have an inertia value of 4s, and the generator at Bus F6
has an inertia of 12s. Loads are applied at Buses B2, B5, C3,
D3, D4, and E2 of 0.9, 1, 1, 0.4, 0.7, and 0.6 p.u.
respectively. The angle at each of the generator buses is
referred to as “𝛿,” and the angle at each of the non-generator
buses is referred to as “𝜃.”
Dynamic simulation provides the 𝛿 and 𝜔 values at each
of the generator buses. The DC Load flow equations and the 𝛿
values can be used to obtain the 𝜃 values at each of the nongenerator buses. Using first order approximation, the 𝜔 values
can be determined for each of the non-generator buses.
Angles of all buses are obtained from (5). Equation (5)
can be rewritten as:
𝑃!
𝐵
⋯ = !
𝐵!
𝑃!

𝐵! 𝛿
𝐵! 𝜃

Small perturbations are applied in the initial conditions of 𝛿
and 𝜔 and the dynamic simulation is run for each case and the
various parameters are obtained using the above procedure.
D. Trials
Visualizations of the data are produced using
MATLAB. The angles of each bus are calculated for each
time increment over the period of the simulation. Using this
information, the speed is calculated at each of the buses. From
the inertia and frequency at the buses, the center of inertia is
calculated. The results of the frequency at each bus are then
plotted in a dynamic 3D plot.
The initial operating conditions are set with the frequency
of the grid to be 1 p.u.. The initial conditions are varied and
the results were observed.
E. Results

(10)

In (10), PA represents the power values of the generators,
PB are the power values at the non-generator buses, 𝛿
represents the generator bus angles, and θ represents the nongenerator bus angles.
Initially, 𝛿 and θ are obtained by running a DC Load
Flow. Then, using these initial conditions, the dynamic
equations (6) and (7) are solved for all generators to obtain 𝛿
and 𝜔 at each generator bus. From (5) and (10), we obtain an

Fig. 3. Steady State: delx0 = [0; 0; 0; 0; 0; 0; 0; 0;]

expression from θ as:

In trials with small variations applied to the initial
conditions, or delx0, of angle of each generator, the center of
inertia is consistently within E4 to E6 depending on the inputs
to the variation in initial conditions. Fig. 4 is an example of
this, as the COI is found to be located at Bus E4.

𝜃 = 𝐵!!! 𝑃! − 𝐵!!! 𝐵! 𝛿

(11)

Then we obtain the power of each generator as:
𝑃! = 𝐵! 𝛿 + 𝐵! 𝐵!!! 𝑃! − 𝐵! 𝐵!!! 𝐵! 𝛿

(12)

Then the angular speeds at non-generator buses are
obtained using a first order approximation.
𝜃=
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Perturbations are applied to the generator angles located
at Buses A1 and A6. As a result, the COI is found to be
located at Bus E5.

Fig. 4. delx0 = [0; 0; 0; 0; 0.05; 0; 0; 0;]

Perturbations are applied to the speeds of the generators
and the COI is observed for various cases. Fig. 5 depicts a
case with the center of inertia located at Bus E6 and Fig. 6
depicts a case with the center of inertia located at Bus E5.

Fig. 7. delx0 = [0; 0; 0; 0; 0; 0; 0.02; 0.02;]

The initial speed of the generators located at Buses F1 and
F6 are changed as per the applied change in delx0. This is
depicted in Fig. 8.

Fig. 5. delx0 = [0.03; 0; 0; 0; 0; 0; 0; 0.01;]

Fig. 8. delx0 = [0.02; 0.02; 0; 0; 0; 0; 0; 0;]

Fig. 9, 10, and 11 show the results when perturbations are
applied to the initial conditions of both generator angles and
speeds. The COI is determined to be located at Buses E5, E5,
and E6 respectively.

Fig. 6. delx0 = [0; 0.03; 0; 0; 0; 0; 0; 0.01;]

large inertia value of 12 s. The least variance in frequency
occurs at this point.
Changes made to the angular velocity of the generators
represent larger disruptions to the grid than the equivalent
changes made to the angle of the generators, as small changes
applied to the angle cause small changes in the electrical
power output which do not reflect significantly in the
frequency. Conversely, when the perturbations are applied to
the speed of the generator, the changes in electrical power
output are large. This manifests in large deviations in the
frequency of the system.
IV. CONCLUSION
Fig. 9. delx0 = [0.02; 0; 0.02; 0; 0; 0; 0.02; 0;]

The visualization tools and methods implemented within
this project successfully identify the COI of the system and
provide a tool for visual analysis of the system frequency.
This is significant as it can be used as a tool to identify the
ideal location for the deployment of a FESS. It was found
that, given any operating conditions of the system, the center
of inertia would be located near the bus containing the
generator with the highest inertia. The FESS would optimally
be located far from this location.
V. FUTURE WORK
The method and codes used in this will prove to be
valuable in the future as this model can be expanded and the
impact of disturbances can be modeled and analyzed for larger
systems. Similar concepts are to be applied in future research
as the visualization tools are applied to existing systems.

Fig. 10. delx0 = [0; 0; 0.02; 0.02; 0; 0; 0; 0.02;]

VI. APPENDIX
A. Machine Data
The system in the 36 Bus Test System includes four
synchronous generators located at the corners of a rectangular
grid system. Each line along the horizontal, or x-, axis has a
reactance of 0.2 p.u. and each line along the vertical, or y-,
axis has a reactance of 0.4 p.u.. The generators at Buses A1,
A6, and F1 have an inertia value of 4s, and the generator at
Bus F6 has an inertia of 12s.
The model observes the system from times t = 0 s to
t = 10 s. The visualization displays a new plot approximately
every 0.075 s within the simulation.
Fig. 11. delx0 = [0.02; 0; 0; 0; 0; 0; 0.02; 0.02;]

For a vast majority of the trials, the center of inertia is
located at Bus E5. This was to be expected as Bus E5 is
located within close proximity to the generator at F6 that has a
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